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A Jump Diffusion Model for Agricultural Commodities
with Bayesian Analysis

Sochastic volatility, price jumps, seasonality, and stochastic cost of carry, have been included
separately, but not collectively, in pricing models of agricultural commodity futures and options.
We propose a comprehensive model that incorporates all four features. We employ a special
Markov Chain Monte Carlo algorithm, new in the agricultural commodity derivatives pricing
literature, to estimate the proposed stochastic volatility (SV) and stochastic volatility with jumps
(SVJ) models. Overall model fitness tests favor the SVJ model. The in-sample and out-of-sample
pricing and hedging results for corn, soybeans and wheat generally, with few exceptions, lend
support for the SVJ model.

Keywords. MCMC, Jump Diffusion, Bayesian Analysis, Agriaudi Commodity Options

I ntroduction

Trading in agricultural commodities has steadilgreased since the mid-1990’s. There are many
explanations for this including the need for ineestto diversify portfolios, the increase in
demand for grains because of bio-fuels, the ineréasiemand for grain from abroad, and the
broader increase in trading that many asset clds®mes experienced. The increased trading of
agricultural commodities and investors' need faddgmeg leads to the need for a sophisticated
model for these instruments. An inability to act¢elyamodel the prices for and hedge a position
in agricultural commodities can lead to disastreffects. Withess Verasun's recent bankruptcy
which can be, at least in part, attributable toreility to model the dramatic price fluctuations
that occur in agricultural commoditiés.

Many previous studies modeling agricultural futuaesl options have included components
such as jumps and seasonality separately. Ourtolgen this paper is to present a model which
is comprehensive regarding the main characteristicagricultural futures and options. Those
characteristics are jumps, stochastic volatilitgasonality, and stochastic cost of carry. A
comprehensive model that provides accurate pricésglts and superior hedging performance
can help farmers and agricultural businesses matiage risks more effectively. Also, a
comprehensive model can help illuminate some ofrtteee nuanced characteristics of these
agricultural commodities.

The jump phenomenon found in financial markets s gresent in the agricultural and
broader commodities markets. Hilliard and Reis @99rovide evidence for jumps in
commodity futures prices. Koekebakker and Lien @Qdfrovide evidence of volatility and price
jumps in wheat futures and options. Aravindhaks(z&10) finds jump-diffusion models fit the
wheat futures prices well. The importance of maodgjumps becomes increasingly apparent as
we witness the dramatic rise and fall of agricitdutures prices in recent years. For example,
the Chicago corn spot price rose from $3 per busheb7.2 per bushel in July 2008 and

! VeraSun was a biofuels producer located in Aur@@, that filed for bankruptcy in October 2008. ¥8un
entered into grain contracts at the height of tleeket essentially forcing them to buy grain at @sienuch higher
than the prevailing market prices. As broader fpetes sharply declined, the cost of productionetfianol
exceeded the income from sales forcing them tongizu



subsequently dropped to $3.6 per bushel in Dece®@8. In order to effectively model this
type of extreme movement in the spot price, thusion of a jump term is necessary.

In addition to the jumps in spot prices, stochagtilatility is an indispensable component in
almost all derivatives asset pricing models. Adtimal commodities are no exception. In fact,
recognizing the market's need to hedge againstiMylaisk, the Chicago Mercantile Exchange
(CME) group, partnering with Chicago Board Optidisschange (CBOE), introduced the corn
and soybean volatility indexes to the market inye2011. In academia, there is a long history of
modeling stochastic volatility. Heston's (1993) sehpaper provides the framework for using a
mean-reverting, stochastic volatility model to pritnancial options. Schwartz (1997) proposes
three models which increase in complexity from gleaeral stochastic volatility model to those
with stochastic convenience yield in order to modgbper, oil, and gold. Trolle and Schwartz
(2009) study the effects of unspanned stochastiatility on commodity derivatives based on
the Heath, Jarrow, and Morton (1992) risk-neutrebsure framing. Geman and Nguyen (2005)
propose a two-factor stochastic volatility modedtthelate the soybean stocks and scarcity to
price volatility. We follow the literature by moded the latent volatility through a mean
reverting process.

Agricultural commodity prices often exhibit seaskiyaa characteristic generally not shared
by financial assets. Because much of the volatilftthe agricultural market can be attributed to
changes in the weather, it is reasonable to coecthdt prices and volatility may exhibit
seasonal changes. The uncertainty surroundinglalvant spot price variables tends to decrease
as the growing season matures and harvest beqdideto a seasonal trend in spot price
movement and volatility. Richter and Sorensen (20081 that soybeans exhibit seasonality
patterns in the spot price level and volatility.r&ten (2002) provides a framework for
modeling seasonality in commodity futures. We idtrce a spot price that is seasonally
changing in order to capture the empirically obedrseasonality.

The spot price of an agricultural commodity desedlithy a seasonal jump diffusion process
above is not sufficient to determine the futuresqs. Cost of carry information provides the
missing link. We follow Gibson and Schwartz (1990)model the stochastic cost of carry that
captures the Samuelson Hypothesis (1965): the dsitprice volatility decreases as time to
expiration increases. In a similar way, HilliarddaReis (1998) provide a model for commodities
with stochastic convenience yields, in additiostimchastic interest rates and jumps.

Although the existing literature has attempted twdei some of the features for agricultural
commodity prices, a more comprehensive model thedrporates all of them has yet to be
considered. The most relevant studies are GemarNgngen (2005), Koekebakker and Lien
(2004), and Aravindhakshan (2010). More specificabeman and Nguyen's models include
seasonality and stochastic volatility for soybeaturfes; Koekebakker and Lien consider jumps
and seasonality along with deterministic volatility wheat options; Aravindhakshan's models
incorporate jumps for wheat futures. In this paperstudy the pricing and hedging effectiveness
of a new comprehensive model for futures and option three major agricultural commodities:
corn, soybeans, and wheat. The model features ehastic jump component in the
deseasonalized spot price, seasonality and stocltast of carry with term structure consistent
with the Samuelson Hypothesis, in addition to sastic volatility. We analyze the pricing and
hedging errors of the stochastic volatility (SVastochastic volatility with jumps (SVJ) models
in order to compare the effectiveness of the juemmtat modeling the stochastic behavior of the
agricultural commodities.

We use a Markov Chain Monte Carlo (MCMC) methogafameter estimation as opposed



to the Kalman filtering scheme used by Trolle ardhvartz (2009) for commodity options
pricing and by Bakshi, Carr and Wu (2008) for fio@h options pricing. The sophistication of
our model (with sixteen different parameters andssate variables) coupled with the need to
monitor convergence of the parameter estimatesssitates the use of MCMECKarali, Power
and Ishdorj (2011) utilize Bayesian MCMC for paraeneestimation for their discrete time series
model for the corn, soybean, and wheat futures. @OMC method is similar to but different
from Eraker (2004), whose MCMC analysis is appliedstock options data. In this study, we
need to price options and futures on the underlgmmmodities simultaneously. Additionally,
the options pricing formulas based on our modeblver a numerical solution of the Ricatti
Equation that has an otherwise semi-closed-formtism for stock option prices (see Bakshi,
Cao and Chen 1997; Duffie, Pan and Singleton 2&08ker 2004 among others). As a result,
options pricing becomes more computationally intens We adopt a different MCMC
estimation procedure offered by Damien, Wakefigld ®alker (1999). Our MCMC estimation
circumvents the difficulty of sampling from non-gogate distributions that involve
non-analytical options pricing procedures. Our apph is, to the best of our knowledge, new in
the literature of agricultural commodity derivatvericing.

The remainder of the paper is organized as folloms:state the general jump diffusion
model and the propositions relevant to pricing fesuand options; we then describe the data set
and the estimation procedure, present estimaticultss and analyze the in-sample and
out-of-sample pricing effectiveness of the modelge also study the in-sample and
out-of-sample hedging performances of the moddisréaeve conclude.

A Jump Diffusion Model for Agricultural Commodities

The model under therisk-neutral measure

We follow Gibson and Schwartz (1990), Schwartz )99 rolle and Schwartz (2009), and
Hilliard and Reis (1999) to model the price dynasmaé agricultural commodities. Our model is
based on the deseasonalized spot priXe,and the cost of carryy , hence, endogenizing the
determination of futures prices. A Merton-type Bois jump is considered in the spot price.
Stochastic variancey , is determined by a Heston-type mean-revertingusgoot process with

the long-run mean jointly determined By and « . The following system of equations are
under the risk neutral measuf@:

dxx—((tt)) = (8(1) - AK, )dlt + 7,V D WL (D) + IAN (D), (1)
dy(t,T) = (. T)dt + 0, (T V D AW, () @)
av () = [V - &V (1)t + 0, V (0 WL 1) 3)

The pairwise correlation between the Wiener praegsdW (t) for i0{1,2,3}are captured in

the parametersp,,, 0,5, and p,;, with “1” representing the deseasonalized spotepri
equation, “2” the cost of carry equation, and “Beé tstochastic volatility. The magnitude of the

%An excellent general outline of methods regardiagagmeter estimation of stochastic volatility modslgohannes
and Polson (2009). Eraker, Johannes and Polsor8Y20@ Eraker (2004) provide details of implemeatabf
MCMC method.
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jumps is
J=ex-1
with J, being distributedN(,uX,ax). The K, term is the jump compensator and takes the
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form of &2 -1.
We define F(t,T) as the timet price of a futures contract maturing at the time Given
the instantaneous cost of carmgyt,u), we can then rewrite futures price as:

F(tT)=S(t) ex;{fy(t,u)du} (4)
with S(t) being the seasonalized spot price given by

S(t) = X(t)e" (5)
where

h(t) = psin(27(t + ¢)). (6)

h introduces the spot price seasonality, a chaiatitegenerally recognized in the commodity
literature (Sorensen 2002; Richter and SorenseB 00
By applying I1t6's lemma to Equation (4), we have fibllowing dynamics forF (t,T) :

% = g, VAW, (1) + JAN(E) + W (1) [ 0, (¢, u)cu W, (1)

+(LT,U('[,U)du +G( faz (t,u)olu)2 +0,0, faz (t,u)du)V(t)]dt.

(7)
(See Appendix A.1 for derivation.).
Following Trolle and Schwartz (2009), we derive fireceding item on the second line of
Equation (7) as follows:

Proposition 1 Under the risk-neutral measure, Q, there cannot exist any arbitrage.
Therefore, the drift termin Equation (2) is given by

Ut =V, T o0+ [0t (8)
(See Appendix A.2 for derivation).

An affine model for the dynamics of the futurescurve
In order to price futures, we propose a specifionfdor the cost of carry. We define the
time-dependent coefficient of volatility in Equatiq2), o,(t,T), as ae”’"™ such that it
increases as futures approach the expiration dais.feature is consistent with the Samuelson
Hypothesis (see Kalev and Duong (2008)). Basecdherassumed functional form faw, (t,T),
we derive instantaneous cost of carry as follows:

Proposition 2 The time-t instantaneous forward cost of carry at time T, y(t,T), is given

by:
y(t.T)=y(0.T)+ae™” ™™ x(t) + ae™ " gt) 9
with x(t) and ¢(t) following
dy(t) = (- yx() - [% + plzdl)v (t)]olt + V(1) dW, () (10)



dext) = (— 2yat) +%V(t)Jdt. (11)

Proof. See Appendix A.3.
The instantaneous cost of carry terdt) , in Equation (1), is defined as

y(t,t) = y(o’t) +ae—y(t—t)X(t) +a'e_2”(t‘t)¢(t)

= y(0,t) +ax(t) +ag(t). (12)

For 7 =T —t, we have the following:

D, (1) = %(1— ") (13)
and

D, (1) = —(1-e?") (14)
From Equation (ZJL/) integrating the cost of caamnt will result in

FE.T) = S() FF((% )) ext{D, (1) x(®) + D, ()@t} (15)
By taking the logarithm of Equation (15) and legti log S(t) = s(t) , we have:

logF (t,T) =logF(0,T) —logF (0,t) + s(t) + D, (7) x(t) + D, (7)¢(t). (16)

Here, applying Itd's Lemma tag(t) =log S(t) = log X (t) + h(t) yields
+1g2
ds(t) = | Y(0.) +a(x, + @) = OV, + 277 cod2rt + 9) + A(l— e ]]dt
+ 0,V dW (1) + J,dN,. (17)

Pricing options on futures contracts

We follow the approach given in Duffie, Pan, anddgiton (2000) and Trolle and Schwartz
(2009) to derive the pricing formula for options futures. Other well-known methods include
Bakshi and Madan (2000) and Collin-Dufresne andi&ein (2003).

First, we defineT, to be the options expiration dat€, to be the futures expiration date,
and t to be the current time. We will transforrln)g(F(TO,'I'l)) using the Laplace Transform
and let

W(u,t,T,,T,)= E° [e“"’g(F‘TO’Tl))]. (18)
Proposition 3 Equation (18) has an exponential affine solution of
lP(u,t,TO,Tl) - eA(TO—t)+B(T0—t)V(t)+uIog(F(t,Tl)) (19)
where A(r) and B(r) solve
u+1(72u2
AT _ gy + dmea ) ) (20)
dr
dB(r
d(T ) = —E 03B(1)* +(-K +Up,0,05)B(T) +~ (u —u) EEU1 t— [Gl'*' 2p1201)j



r?-ue” ™ .0 -2 +% W -u) e 2@ i e 21)
y y

with the initial conditions A(0) =0 and B(0) =0.
Proof. See Appendix A.4.
Using the solution in Proposition 3, we can caltaithe price of an option with a strike price

of K and an expiration date of, on a futures contract expiring at tinie with the

following proposition:
Proposition 4 The price of a European put is given by

To
—I r(s)ds
P(t,T,, T, K)=E°| e

(K -F (TO’Tl))lF(TO,T1)<K)
=P(tTo) (KEtQ[llog(F(TO,Tl))<|og(K>] - ETQ[elog(F(TOYTl))llog(F(TO,Tl))<Iog(K)])
= P(t,T,)(KG, 1(109(K)) - G, ,(l0g(K))) (22)
where P(t,T,) is the price of a risk-free financial instrument.
The price of a European call is given by

C(t. T, T, K) = P(t,T,)(G, . (l0g(K)) - KG, , (log(K))). (23)
Also, _
G..(y)= LlJ(a,t,ZTO,Tl) _ij: In{W(a+iub,t, T, T,)e™] du (24)
JT u
with i=+/-1.

Proof. See Appendix A.5.
Data and M ethodology

Data

In this paper we employ daily corn, soybean andawlfigtures and options data from the CME
group. Since these options are of American style, aonvert them into their European
counterparts following Trolle and Schwartz (200@je obtain T-Bill rates from the Federal
Reserve St. Louis and use them as a proxy forfresk interest rates. We linearly interpolate
over the instruments’ maturities to obtain a mazeusate estimate of the risk free rate. For the
purpose of estimation, we choose to focus on tlaesylEom 2006 to 2010 that cover the peak of
2007-2008 financial crisis and the global foodisri¥ he financialization of both agricultural and
non-agricultural commodities has exacerbated ttexasts of both the industry and the academia
(Xiong and Tang 2012; Masters 2008 and the US $Sefadrmanent Subcommittee on
Investigations 2009).

To obtain the most informative options and fututata, we apply the following filters. First,
we choose the most actively traded contract moothebch commodity. It is important to
construct a data set that has a traded contraetaoh day leaving very few if any gaps. For
soybean contracts, the November contract is thet mcsvely traded. For corn and wheat,
December is the most actively traded contract mdd¢tcond, we choose only those options with
at least five days of maturity in order to avoidsgible microstructural noise in the market.
Third, we choose only those options which havetpedrading volume. Finally, we choose the
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most near-the-money options on any given day foarpaters calibration to take advantage of
the greater liquidity of such options.

Table | presents the descriptive statistics fordnegent month futures contract and options
for the years from 2006 to 2010 for the three comiities. The futures prices vary significantly
across the three commodities, whereas their pratatilities are more comparable. All three
futures prices show various degrees of non-norgalithich motivates our consideration of
jumps and stochastic volatility in the underlyimgramodities. We also report implied volatilities
inferred from the Black (1976) model for the thomemodities in Table Il. It is seen that implied
volatilties are comparable across the commoditveish volatilities of wheat futures being
slightly higher during the sample period. Tabledtbvides a view of options trading activities
over the sample period. We find that the averagly ttading volumes of the out-of-the-money
(OTM) options are prodominantly greater than thadein-the-money (ITM) options. In
particular, the ratios of OTM volume to ITM volunaee 4.3 (call) and 3.6 (put) for corn, 5.8
(call) and 9.1 (put) for soybeans, 4.3 (call) and fput) for wheat, respectively. Given the
domininant activities of OTM options, we shall feocon them in our pricing analysis.

Markov Chain Monte Carlo

Estimation of parameters and state variables israwhed by applying the Markov Chain Monte
Carlo (MCMC) method to the aforementioned optiond &utures data. We Euler-discretize the
relevant stochastic differential equations, inchgdiEquations (3), (10), (11) and (17). As in
Eraker (2004), we assume that futures and optioes paiced with autocorrelated errors,
according to the pricing formulas in Equations (1622) and (23). Specifically, the
autocorrelations for options and futures pricinges that are defined as the difference between
theoretical and empirical prices, are denoted @sand p. 2 To avoid spreading futures

pricing errors into options pricing errors, we &l Trolle and Schwartz (2009) to price options
based on the actual, not fitted futures prices. tA@obenefit of this approach is that we can
obtain a cleaner estimate of the volatility process

Based on the modeling framework described abovecategorize all the parameters into
three groups: parameters that capture autocowrladf options and futures pricing errors,

parameters associated with options pricing andetlassociated with futures pricin@., 0.,

p. and o, are the first groupV , «, Jd,, P, M, O, A,and p, fall into the second
group. a, y, n and ¢ belong to the third group. In addition to the maeters listed above,
we estimate the values of the state-variables N, V, X, S, and ¢. We shall now discuss

our simulation procedures for each group.

We adopt different approaches to sample the threepg of parameters. For the first group
of parameters, we use the conventional Gibbs samptiethod. The positerior distributions of
the second and the third groups of parameters gm®duct of the likelihood of options and

futures pricing errors and the likelihood of eaolividual paramter®,, taking the following

®Denote Pheot and F’Emp’t as theoretical model and empirically observedooysti(or futures) prices at tirre
respectively. We define pricing errors at times & = Py, — PEmp,t' which follow & :N(pgt_l,az). Jon
being either O. or p- where C and F indicate options and futures respectively, is eotelation between

price errors of timé¢ andt-1. O, being either O, or O, is standard deviation for the errors.



form:
N
PO 10,,I,NV sxg¢ )*|'j PO; |Pep:) (25)
t=

where ©_ is the vector of all parameter® except ©, and the likelihood of the
autocorrelated pricing errors reads:

p(®, | Pury) = exp{— (Perpien = Froses(OU) = ePe; = o (9 }

207
where ‘Emp” and “Theo” denote empirically observed market price and theaktiwdel price,
respectively. The same function for futures data cawhiained by changingo, and o, to

pe and o. respectively. Due to the complexity of the posteristributions in Equation (25)

and the computational intensity of options pricegquation (26), the standard Gibbs sampling
is not applicable to the last two groups of parametéts.implement a two-step procedure as
described by Damien, Wakefield, and Walker (1999) (hemtdefeferred to as the “DWW”
method) to circumvent such a difficulty.

In the first step, we draw a Gibbs sample for eaclarpater ©, iteratively from their

(26)

conditional posteriorsp(©, |©_,,J,N V,s,X,¢). Detailed explanations of this sampling method
are found in the finance literature (Eraker, Johannes aiso®, 2003, Eraker, 2004 and
Johannes and Polson, 2009). Specifically, we follmsaly Eraker’s (2004) method for , « ,
g,, M, O,, and A * We implement a slightly different sampling schemes tha two

parametersp,, and p,; in order to achieve a better convergence rate. Fiestcompute the
sample correlation. We then draw a sample from a normiigtribution with a

Fisher-transformation of sample correlation as the medniN -3 as the standard deviation
(Fisher, 1915, 1921), wher®&l is the number of observations. Lastly, we make rarerse
Fisher-transformation to obtain the sampledsr

In the second step, we compare the likelihood basethe new draw from the first step to
the likelihood of the sample from the previous draw. Adam uniform value is generated
between 0 and the likelihood of options or futuresadabm the previous draw. The DWW
procedure recommends that the new draw is acceptied ifeéw likelihood value is greater than
the previous likelihood value based on Equation (2&) @ejected otherwise (see Section 2 of
Damien, Wakefield, and Walker (1999) for detailed emptoons). The DWW procedure
essentially decouples from the full conditional pastethe complexity of the likelihood of
options and futures prices related parameters. Alsopaeds up the MCMC sampling and
convergence.

Lastly, we estimate the values of the state variabssg the Metropolis-Hastings random

walk sampling procedure. A sample of each state bigri&®, is drawn from their conditional
posteriorsp(S; |©,S_,P,,,) . where S_; is the vector of all parameterS exceptS; and

P

e 1S the empirically observed price of options or futures.

Model Diagnostics

* Interested readers can refer to Section C ofIPafthis paper.



The effectiveness of the SVJ model over the SV modebw tested using the Bayes factor, the
deviance information criteria (DIC), and the modified likl-Mariano (MDM) test.
The Bayes factor is an odds ratio between the S\Safildmodels. It is calculated as

T T
Bla,+)> J?, B, +2T —» J°)
B(ay,f) 1w ° ;t ° gﬁ

T T
BT A C pa, + 300, 5,+T-207)
t=1 t=1

with G being the total number of iteration8(a, 8) being the beta function]?® the size of

odds(sv: svj) = (27)

the t" jump on the g" iteration, andT the total number of data pointsy, and £, are the

priors used in the MCMC iterations for estimating thigaf A .
DIC is calculated as the difference in twice the mefaihe deviance and the deviance of the

mean. That is, forN iterations, lettingd = ZiN:lBi/N , we have

N
2D@)
DIC=2=___-D@)
N (28)
Another way to compare the SV and SVJ models is tiralne MDM test proposed by
Harvey, Leybourne, and Newbold (1997). The test siaiscalculated by:

[ (T-1
13 =
=>(d, /d-1)?
T3
where d, is the t" difference in the errors for the SV and SVJ models ands the average

of the d,'s. The advantage of the MDM test over the traditidiabold-Mariano (DM) test is
that the former result is robust to autocorrelation and-normality in the errors. We will
employ both the absolute dollar errors and the absgeteentage errors to calculatgé for
both the SV and SVJ models.

MDM = (29)

Results

We first present the parameter estimates from the MCEI@tive process. We then turn to some
model diagnostics in order to differentiate betweenSkeand SVJ models. We employ three
different testing schemes for the two models and contpareutcomes. We then analyze both
the in-sample and out-of-sample errors for the two nsodeihg the parameter estimates over the
three products for both puts and calls. We end witareabysis of the hedging performance.

Parameter Estimates and Analysis

Tables IV, V and VI report the parameter estimates fertiinee products for both option types
and models over the sample period from the beginniP06 to the end of 2010. We generate
10,000 samples, the first 5000 of which are discarddtieadburn-in” samples. For each set of
values the first number is the posterior mean of thiarpater estimate for the last 5,000 runs of
the algorithm. The posterior standard deviation in gheses follows the mean and finally the
95% confidence interval. In the following, we presdm parameter estimates based on the five

9



model characteristics: auto-correlated pricing errooghststic volatility, stochastic cost of carry,
seasonality, and jump. We generally interpret thempater estimates based on the SVJ model
for each product given the better performance of the S\ehas made clear in the subsequent
sections.

Both options and futures exhibit varying degrees ofissteally significant and positive
autocorrelations in pricing errors. A general observaisotinat the autocorrelation is higher for
futures than options. One interesting note is thateth® asymmetry in pricing errors across
commodities and option types. Namely, the corn ahdawhave higher errors for the puts than
the calls, while the opposite holds true for soybeans.

The three parameters for stochastic volatility aresgreeed of mean reversion, the (scaled

by «) long run mean,V and the volatility of volatility, g, . All three parameters are

statistically significant at the 0.05 level for thedé products, indicating the presence of mean
reversion in the latent volatility process. As far, we convert it into the half time to gain
insight into how fast the volatility reverts to itsaprun mean. The average half-times of calls
and puts are 292, 90, 134 days for corn, soybeans hedtwespectively. In particular, soybean
volatility shows a half time ranging from 36 to 12@yd, which exceeds the value (33 days)
found in Geman and Nguyen (2005). Two reasons contrioutieis difference: soybean futures
prices are more volatile (a standard deviation of 2.27pur sample than in Geman and
Nguyen’'s sample (a standard deviation of 0.94 for thetmotatile contract during the
1993-1999 period) ; it takes longer time to settle beckhe long run mean during a more
volatile period than otherwise. The long run meansotditility (square root ofV / k) for corn,
soybeans and wheat are 42.44%, 30.03%, and 38.&s}ectively. The levels are relatively
high, yet consistent with the volatile nature of s#anple period. Last, the volatility of volatility
(o,) estimates are significant for all products, lendingdence for stochastic, instead of

deterministic volatility.

We find an insignificant correlation between the spatgpand the cost of carryy(,) for all
three products. However, the correlation between tl¢ gpce and the volatility process is
mostly positive and statistically significant. Inrpeular, our results for soybeans are consistent
with the findings in Geman and Nguyen (2005) and ®ichnd Sorensen (2003). The intuition
behind such results is that the price increase exaesrlthe uncertainty in the agricultural
markets.

We examine the term structure of the cost of carry thrabghparametersx and y, for
which we find statistically significant and positivalues for all products. As the variance of cost
of carry,o,, is a decreasing function of time to maturity, positie and y provide direct
evidence for the Samuelson hypothesis: the varialofitjutures prices increases as the futures
contract moves toward its expiration date. The resulh alignment with Kalev and Duong
(2008).

The seasonal nature of the spot price is modeled) usiperiodic function composed of
and ¢ . The former quantifies the magnitude of the seasonwalitye the latter measures the
periodicity. All of the estimates for; are significant. This result is consistent with Soeens
(2002) and Richter and Sorensen (2003) which both prostdng evidence of spot price
seasonality in corn, soybean, and wheat marketsrdtated note, Pereira, Ribeiro, and Securato
(2012) provide evidence of seasonality in the spot paten for the Brazilian sugar market.

The values of the jump intensity, vary across the products. There are around 13 (based on
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call options) and 5 (based on put options) jumps & gaaaverage in corn futures during the
sample period. The negative value pf shows that the size of downward jumps is larger than

that of upward jumps on average. More frequent jumpsee®e m the soybean futures: 16 for
puts and 100 for calls. The latter is positive jurdpminating the former. This finding is largely
consistent with Hilliard and Reis (1999) who find 40sppge jumps annually in the soybean
market. Like for soybean futures, we find relatively morejdient jumps: 11 for calls and 116
for puts. Koekkebakker and Lien (2004) report statisycsilgjnificant, but rarer (less than 10),
jumps for wheat futures and options based on the relgtivanquil period of 1989 through
1994.

To sum up, we find it necessary to include autocdioglan pricing errors for both futures
and options. Our MCMC-based parameter estimates arerajgnconsistent among all three
commodities. A varying degree of mean reversion is1d9g8eall models and products. The
long-run means of the latent volatility estimated froptions data is high and consistent with the
high standard deviations of futures prices during theptaperiod. Clear evidence is found for
the Samuelson effect and seasonality. Jumps are olisecvess all three commodities during
the sample period.

Parameter Comparison between Ag and Non-Ag Models

We now relate our findings to other non-ag marketsuaiolg both commodities and financial
assets, to illuminate some of the similarities aifi¢idences among them. In the interest of space,
we focus our comparison on two most methodologicedljated papers, namely Trolle and
Schwartz (2009) and Eraker (2004).

Regarding non-ag commodities, we find more similaritie differences relative to Trolle
and Schwartz’'s (2009) findings for the NYMEX crude oiluits and options. They provide
strong evidence for the presence of stochastic meartireyevolatility and stochastic
time-dependent cost of carry in energy commoditiesyeslo for agricultural commodities. The
difference lies in the speed of mean reversion in sttichaslatility: NYMEX crude oil
volatility exhibits (around 4 times) faster mean revarsihan do volatilities of corn, soybeans

and wheat. Our parameter estimate {0y, is consistent with Trolle and Schwartz (2009) which

report a negative correlation for the spot price and obstarry. They also report positive
significant values fora and y. This result also lends support for the Samuelsonthgsa in

the crude oil market. For the correlation parametery, finend consistently negative correlation
among all processes. They find moderately persistenetty highly mean reverting behavior in
the volatility process. We general find persistentatibly in our runs with most half-times

taking more than 90 days.

For a comparison with the financial securities marlk€taker (2004) documents significant
mean reverting behavior of stochastic volatility e IS&P 500 index, which has been shown in
the previous section for the three grain commoditiesother well-known feature for stock
returns is the leverage effect, negative correlation kmtweturns and latent volatility. It
contrasts the positive correlation in agricultural camdities. For the jump component, Eraker
reports much fewer jumps in a year in that his estimatisate less than one jump per year. His
results also consistently point to negative jumpghi@ security price. The differences in the
parameter values can be partially attributed to the tworizons over which the data was taken.
Eraker uses S&P 500 data from Januaty1P87 to December 311990. This sample includes
the notorious “Black Monday” of October 191987. It is unclear how the estimates would
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change if this one observation were taken out. Owx daters a time period of drastic change in
price, although not as dramatic as for the Black Mgndaother factor that contributes to the
difference in jumps between financial and agriculturahcwdity markets is that the uncertainty
in grain products often corresponds to an upward junthargrain prices, whereas the opposite
is true for financial assets. However, the exact redsothe difference between financial and
agricultural markets warrants further study.

Model Diagnostic Results

We present three diagnostics to evaluate the fit@f&V and SVJ models to the observed futures
and options data, namely the Bayes factor, the DiCta@ MDM test statistic as detailed in the
methodology section. We discuss the three diagreostithe following.

Table VII reports the Bayes factor for all six products.sind the scale originally
formulated in Jeffreys (1961), we see that there is aobat evidence that the SVJ model is
superior to the SV model for corn calls. The soybedis dactor number provides strong
evidence in support of the SVJ model. The values fbrothler products provide decisive
evidence that the SVJ model is superior to the SVehod

Table VIII shows the values of the DIC for both the & SVJ for the 2006-2010 options
data for the three commodities. The deviance informataterion (DIC) measures the
hierarchical structure of models. Models with more patamseget penalized ensuring that, all
else being equal, the model with the fewest paramedtusns a lower DIC number. The lower
the DIC the better fit the model. The relatively lowC values for both soybean and wheat
options (calls and puts) provide evidence in suppbthe SVJ model. The result for the corn
call is ambiguous with mild support for the SV model.

Table IX presents the results of the MDM test forttiree commodities. Under the
“Dollar” column, MDM is calculated as the differenicethe dollar errors between the SVJ and
SV model. Under the “Percentage” column, MDM is ckdted as the difference in the
percentage errors between the SVJ and SV models. Waduihe value of the SV model from
the SVJ model. A negative value shows smaller errorh®oEVJ model relative to the SV
model. Clearly, the MDM test provides strong evideimckavor of the SVJ model over the SV.

Pricing Error Analysis

Pricing performance is analyzed by calculating the nagmhstandard deviation of the difference
between empirical and model prices using the absdloitar error and the absolute percentage
error. The absolute dollar error is calculated as

| I:?I'heo,t - I:)Enp,t |
with P, being the theoretical model price at tinteand R, the empirically observed

price at timet. The absolute percentage error is calculated as
| Prreos ~ P

heot

P

Emp,t

The theoretical price for the options requires itnguts of model parameters and a vector of
variancesV, . In the model analysis that follows, the “in-sagipldata set is the most
near-the-money options and their underlying futuheg are used to run the MCMC parameter
estimation. The “out-of-sample” data set is all that-of-the-money options due to their
dominant trading volumes as mentioned in the datdian. We perform pricing error analysis

mp,t |
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for the at-the-money options that are used foMI@GMC estimation (in-sample analysis) and for
out-of-the-money options (out-of-sample analysM)e use parameter estimates reported in

Tables IV - V and the average of volatility estiemdV/, in the last 5000 iterations to compute

the theoretical prices of in-sample and out-of-si@noptions.

Table X presents the average in-sample errordhSlV and SVJ models for corn, soybeans
and wheat options. We emphasize the pricing errorabsolute terms in all the subsequent
analysis because the signed errors may be a biadezhtor if positive errors are offset by
negative errors. The SVJ model produces low peagenpricing errors between 3.62% and
17.54% for calls, and between 19.88% and 23.31%tits. The corresponding dollar amounts
are all less than 17 cents. The SV model, on therdtand, generates percentage errors that are
all greater than 7% and reach the level as high586. The SVJ model has a lower mean for
both the dollar and percentage errors than the ®demwith the only exception being the
soybean calls which have a slightly lower errortivgtatistically indistinguishable difference) in
the SV than the SVJ.

Figure 1 presents the graphs of the in-sampleecedlrs over the years 2006 to 2010 while
Figure 2 presents the put in-sample errors. Ingtiaphs of the errors, the solid line is the SVJ's
errors while the dotted line is of the SV modeleTgraphs of the in-sample error show that most
of the time the SVJ's errors are below those emwbthe SV model. There are times, however,
that the SVJ's errors, especially are indistingalidé from or greater than the SV’s errors. On the
whole, the SVJ in-sample errors are smaller tharS¥4 errors as evident from Table VIII.

As for the out-of-sample analysis, we price the OdMions using the NTM-based MCMC
estimates and calculate the absolute dollar eriesthen separate the errors according to time
to maturity and moneyness. Table Xl presents thelt® of the out-of-sample call and put errors.
For the out-of-sample put errors, we find that 8\&] dollar errors are consistently smaller than
the SV dollar errors with 3 exceptions out of 30nawations of maturity and moneyness. The
same conclusion largely holds true for the outafiple call errors with slightly more
exceptions. A further look into the overall reswdtghe bottom panel of Table Xl reveals that the
average pricing errors for the SVJ model are smdiken for the SV model. Options with shorter
maturities (less than 3 months) are generally driggh smaller errors by the SVJ model than by
the SV model as found in stock index options (BaksSho and Chen 1997).

Hedging Perfor mance
We implement a simple delta hedge strategy to coeniiee performance of SV and SVJ models.
Hedging performance for calls will be analyzed gsin

M, =C -A.[F
with
_0C(t,To, Ty, K) _ e_y(To_t)[aGL_l(—log K) KdG,_,(~log K)}
¢ OF(T,T) oF oF '
For puts, hedging performance will be analyzedgisin
Ne=R+4 R
with

_ 0P, T K) _ -0 KdG,,(logK) 9G,_,(logK)
" OF(T,,T) oF oF '
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Table XII presents the value of the in-sample hegginalysis for the three commoditfesn
five out of the six cases, the SVJ model generlte®r hedging errors than the SV model
indicating that the former provides a more stalddding performance. The only exception is
with wheat calls, in which the average error fag 8VJ model is 7 cents larger than that for the
SV model. The SVJ model provides better hedgingil#ha than does the SV model. Both
pricing and hedging errors largely support the arotihat the SVJ model is a better fit to the
three agricultural commodities futures and optidata than the SV model.

Conclusion

Stochastic volatility, jumps, price seasonality aolchastic cost of carry have been accepted as
essential features of agricultural commodities resumarkets. Although the four characteristics
have been separately considered in agriculturalncodity derivatives pricing literature, there
has yet to be an attempt to model all of them ctilely. We try to fill this gap by proposing a
comprehensive model for pricing and hedging aghral commodities with a focus on the
major grains in the US, namely corn, soybeans amebtv

Following Eraker (2004), we choose the Markov Chdionte Carlo (MCMC) approach to
estimate our model that includes sixteen parameteds six unobserved state variables. The
Gibbs sampling method enables us to monitor thedspé convergence of each parameter. With
the DWW algorithm, we further improve the sampliefficiency and speed. An alternative
method commonly seen in the financial options pgciiterature is maximum likelihood
estimation (MLE) with Kalman filtering (Carr and WR007; Bakshi, Carr and Wu, 2008). The
number of parameters and state variables theresigimsficantly smaller than that in our model.
Fast Fourier Transform (FFT) can be applied to dpge the computation of financial options
prices. We would face both challenges in the estonaf the proposed agricultural commodity
model if MLE were implemented.

To evaluate the overall fitness of the SV and S\ollefs, we conduct such diagnostic tests
as BIC, DIC, and MDM. On the whole, these testscaie that the SVJ model outperforms the
SV model meaning that the addition of a stochagstiop term in the spot price equation is
significant.

We also perform detailed pricing error analyses@lwith in-sample hedging error analysis
for the SV and SVJ models. For pricing error analysve compute both the in-sample and
out-of-sample errors. We find that both the in-skm@nd out-of-sample errors for the SVJ
model are generally smaller than those for the S3deh The in-sample hedging errors for the
SVJ model are of smaller magnitude than those Her3V model. This implies that the SVJ
model also provides more stability than the SV nhaniéerms of delta hedge. Both pricing and
hedging errors largely support the notion that 8%J model is a better fit to the three
agricultural commaodities futures and options daentthe SV model.

Our findings imply that agricultural commoditiesiqas exhibit the jump phenomenon
previously found in other commodities markets andeqguites. All of our diagsnotic tools
indicate the inclusion of a jump term in the sta&thapricing process produces much better fits

®> We also performed the out-of-sample delta-hedginglysis. The dollar pricing errors for both the & SVJ
models are indistinguishable and large, which iatdis the simple delta hedge is not suited for todals with
stochastic volatility and/or jumps. One may considesting more sophisticated hedging schemes, sgch
delta-gamma-vega hedge. To make a perfect hedgeuhanism is not the purpose of the paper. We |aaioe
future research.
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to the empircal pricing data than without the jurepm. For example, when we apply our model
to the pricing of in-sample corn options, the S\ddel generates about 50% the errror of the SV
model. The SVJ percentage errors are lower tharSieercentage errors for soybeans and
wheat as well indicating that the SVJ model is tebdit to the data across agricultural products.
Therefore, when pricing agricultural commodity opis, having a jump term to model the spot
price process is essential.

Accuracy of options and futures pricing is relevéamtagricultural businesses (buyers) and
market makers/dealers (sellers). Our compreher®#kmodel prices options better than the SV
model. For instance, the at-the-money corn calt$ &agricing error of 2.53 cents for the SV
model and an error of 1.16 cents for the SVJ modbkis is a difference of 1.37 cents. For
soybean puts the SV model has a pricing error d2tents and the SVJ model has an error of
14.65 cents. This is a difference of 6.87 centss Tifference has an effect on a grain elevator's
bottom line because this small difference has anifiag affect when millions of bushels are
bought and sold.

Further study in the pricing of agricultural futarand options could include yet a second
jump term in the volatility equation. This jump rieicould be correlated to the jump term in the
spot price model analogous to the models proposebuifie, Pan and Singleton (2000) and
Eraker (2004). In addition to this second jump teone could study the correlation between
options with the same expiry but different strikéghat we have found in this paper is that the
inclusion of a jump term in the spot price, in daboi to modeling the seasonality, stochastic
volatility, and term structure of the cost of carng necessary in order to realistically model the
futures price. Also, a further study could add iseasonality component for the latent volatility
process.
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Appendix
A Proofs

dF(t,T)

A.1 Derivation of )
F(t,T)

dF (t,T) =dF (t, X(t),Y(t,T))
= Fdt +F, dX + F,dY +% F, (ct)? +% Fop (dX)?

+ % Fo, (dY)? + Fy dtdX + F, dtdY + F,., dXdY

+AF (t,T)dN(t)
Because

(dt)* = dtdX (t) = dtdY = F,, =0
and

AF (LT) = (X, + 3% X, )eONED - X, 0D
=J* Xt_eh(t)+Y(t'T)

we get the following:

dF (t,T)=dF (t, X (t),Y(,T))

= Fdt +F, dX +F,dY +%FW(dY)2 +F, dXdY

+|_(Xt— +th_)eh(t)+Y(t,T) _ Xt_eh(t)+Y(t,T)]dN(t)
= Fdt +F, dX +F,dY +%FW(dY)2 +F, dXdY

+ Xt_eh(t)+Y(t,T)JdN (t)

Now divide dF (t,T) by F(,T)=X(t)e"W""" to get the following:

dF @, T) _ (dX (£)e"OYED + X (1) ED (W (t)dt +dY) )t
F(tT) X (t)e"en
eh(t)+Y(t,T)dX (t) N x (t)eh(t)+Y(t,T)dY
X (t)eh(t)+Y(t,T) X (t)eh(t)+Y(t,T)
1 X (t)eh(t)+Y(t T) (dY)2 eh(t)+Y('[,T)d>(dY
+ — +
2 X(t)eh(t)+Y(t,T) X(t)eh(t)+Y(t,T)
N Xt_eh(t)w(t,T)Jl(i)dN (t)
X(t)eh(t)+Y(t,T)
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_ X 4, IXO) ( av)? + XO

X (t) X (t) X(t)
+JdN(t)

dy

Because
X 4 g,
X (t)
dX(t) _
X(t)

dY(t.T) = (— 5)+ [t u)du)dt + NV [ o, t.u)du dw, ),

= &(t)dt + o,V (©)dW, () + JAN (t),

(dY)? = (W faz(t,u)du dWZ(t))Z,

and

d;:(()t) dY = oV (LD 0, (t,u)du AW, (1)

we will now have:

dF(t,T) _
m = 5(t)dt + 0'11/V(t)dV\4

" (— 3+ [t u)du)dt + NV [, ¢ u)dudw, (1)
+%(W faz (t,u)du sz(t))Z

+ OV (£ AW, (t)dW, (t) faz (t,u)du

+ JdN(t)
This then becomes:
dF(t,T) _
—F(t,T) O(t)dt + a4V (t)dW(t)

- ()t + [t uydu it + NV (©) [ o, (¢, u)du a4 (1)
YO U o, t, u)du) dt

+0V (1) o0t jt o, (t,u)du

+ JdN(t)
Finally,
dlfét TT)) gV @AW, (1) + JAN(E) + V(1) j 0, (t,u)du dW,(t)
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+ (LT,U(L u)du + (%(faz (t, u)du)2 + 01,012.[:(72 (t, u)du)\/(t)]dt.

A.2 Proof of Proposition 1.

Proposition 1 Under the risk-neutral measure, Q, there cannot exist any arbitrage.
Therefore, the drift termin Equation (2) is given by

LT = —(v t)o, (t,T)( p.0+[a, (t,u)duD.

The drift term in 1t6's Lemma is all terms with associateddt . Therefore,

(J;T,u(t, u)du + [%(J;TJZ (t, u)du)z + :0120-1.'.:0-2 (t, u)du)\/ (t)Jdt

is the drift term. Under the assumption of no adge, we assume the drift term @ Then, we
solve for u(t,T) as follows:

0= (fu(t, u)du + (%( faz (t, u)duj2 + 01,0, LTUZ (t, U)dUJV(t)Jdt

J;T,u(t, u)du =-V (t)(%(faz (t, u)duj2 + 0,0, faz (t, u)duj.

Now we take the derivative with respect1o (via F.T.C.) to get the following:

diT [(utt.uydu= —V(t)di_l_(%( [lo, (t,u)olu)2 +p0,[ 0, (t,u)duj

u(,T) = —V(t)(( Jlo.twdu|o, T+ 00, (t,T))

= V({t)o,(t,T)| p,o,+ T(fz(t,u)du
J

A.3 Proof of Proposition 2.
We have,

t
[y Tdu=y(,T)-y(©OT)
and we get the following:

y.T) = [[u(s T)ds+ o, (s TS+ y(OrT)
= [ Tyds+ [0, (sTH V(L9 +y(OT)

=E{-[V(s>ae‘m-s>[pual+%[1—e‘V<T‘S>]mds

+ [ae™9 (99 +y(OT)
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t a e
- —OIOV (S)(; + plzo-lje "9ds

+a J:e'V(T'S) N(dw,(9)
+ aj\/(s)ge‘zy(T‘s)ds+ y(0,T)
0 Y

Now, T >s implies thate”™ =" for somet with T>t>s. Then we
have the following:

yt,T)= —O’EV (S)(% + plzalje_yﬁ_s)ds

+a J:e'V(T'S) N(dw,(9)
+ aj\/(s)ge‘zy(T‘s)ds+ y(0,T)
0 Y

=e” ‘T‘t)(— aj;V(s)(% + plzalJe‘V “‘S’ds]

+e/T™ (ajie‘y 9V (s)aw, (s))

+e /T (a J';V(s) a e‘zy‘t's)dsj +y(0,T)
y

Finally, we have
y(t,T) = y(0,T) +ae™ ™ x(t) + ae > yt)
where

(! a —Y(t—s t s
x(t)= ‘LV(S)(;“L ,olzalje =9 gs + joe 19 N (s)dW, (s)
i a
=—e™* J-OV(S)(; + plzalje”ds

+e* J.;eﬁq/\_/(s) dW,(s)

and
ot = [V(9 L e ds
0 14
We also have

dy(t) = ye™* |:J‘tv (5)(g + plza.ljeys d5:|
0 y

-e’'V (t)(g + ,0120'1Jeyt dt
4
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; e‘“[ j;eﬁ\/\ﬁdwz(s)}dt
+e et |V (1) dW, (1)
= (— W (t) - [% + plzalj\/(s)Jdt + V@) dw, (1)
Finally, after finding out how to get/V () dW,(t) we have the following:

dy(t) =] -yx®- [% + ,01201}/ (t)]dt + V([ dW, (1)

and

det) = —2y¢(t)+%V(t)Jdt.

A.4 Proof of Proposition 3.
dw(t) .

W)

Derivation of

The stochastic variables d¢ are t, V, and F. Therefore, applying Ité's Lemma to
WY(t,V,F) results in the following:

dw(t,V,F) = Wdt+W,dV +W.dF +%ww (dV)?

+%LIJFF (dF°)? + W, (dVdF °) + AW

with
AY=W +y
. * A(TA-t)+B(TA-t)V (t | F(t,T.
For ease of notation, le¢ =g’ o™*Blo ™V uloaE 1)

are the expiration dates for the option and futuespectively.
Then we get the following equations:

Yot =€ [E_ dA(r) _dB(7)
dr

and 7=T,—t.Here T, and T,

- V(t)jdt

W, dV =e [B(r)dV
W.dF =€ - dF
Ft,T)

1 2 _1 * 2 2
ELIJW(dV) = 2e (B(7)“(dV)

1 21 u ’ -u 5
o re(dF)=2e [HF(LTQJ * F(t,Tl)Zl(dF)
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ul& IN(7)dVdF

Y,dVdF =
Dividing by W(t,V,F) and then replacing with¢, we get the following:

dw(t) _ ( dA(7) B(T)V(t)jdt

P(t) dr dr
dF(t,T,)
+ B(T)dV(t) + UT’T]-)

dF (t,Tl)]z

1 2 2, 1 2 _
+§B(T) (dv (1)) +—(u U)( FLT)

+B(r)udV (t) dF((t T)) +(e* -1on.

o of dW(t) : : Q ol dF (t,T,)
Finding E [ Y ) } requires  knowing E [dV(t)] , E [ it T)} , and
ol dF (t,T,)*
2 { F(t,T,) }

Then E°[dV(t)] is the following:

E?fav ()] = B[V -V (0)ct + 0,V (D aw, 1)
= E2|V - v ()t + E2|o, W D dw )]
= (V - RV (t))dt

of AW (t)
2550,

_ dA(T) dB(T)
dr
+ i(UZ - u)(al + DX (Tl _t) + ZPIZJIDX (Tl _t))‘/(t) + B(Z’)UO’ZV (t)

_ 0D gy +[e( priod?) }1
dr
+[_ B+ b)) +2 81703 }V(t)
dr 2

+|:% (UZ _u)(a.lz + D)( (Tl _t)z + zplzalDX (Tl _t)):Iv (t),

where

V() + BV - O+ B(1) oV (1)
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D, (T, -t) = %[1— e‘y”l‘”].

From this equation, we get the ordinary differdrgguations
_ u+lo22
SR B(r)w[eiﬂx ) }.
r

and
dB(7)
dr

+ %(uz ~uyfo? +[p, (T, -0 +20,0.[D, (T, -1))

1
= B(1)(—« +up,,0.0,) + > B(7)’0;

= 2 3B(1)" + (-K +Up0,0,)B() + £ (UF ~U)o}

+1 (u?-u) [Eﬁ [1_ g o™ ]2 + 2:01201g [1_ e D
2 y y
1

= EU??B(T)Z + (_K + uplsalas) B(T)

1, 5 a

=" - — 2
+ 5 (u”-u) [éa-l + v [ﬂl"' :01201))
+(u®-u) e % |:610120'1 —1)e"”

+ % (U —u)e > P e
14

A.5 Proof of Proposition 4.
To evaluateG, (), note that its Fourier transform is given by
G.,(y) = [€¥dG(a,b)(y)
_ E[Q le(a+iub)log(F (ToTy) J
=WY(a+iubt,T,,T)
where i = +/-1. Applying the Fourier inversion theorem, we have

Wt T,,T) 1 InW(a+iubt, T, T,)e"W
Ga,b(y): ( 20 1)_7_7'[0 M J 0 1) ]du.
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Tablel: Descriptive Statistics
This table reports the first four moments, minimamg maximum for the futures price and
at-the-money options price for corn, soybeans anelatfor the years from 2006 to 2010.

Mean Std. Dev Skewness Kurtosis Min. M ax.

Corn

Futures 4.0905 1.1031 0.8271 3.6464 2.3550 7.8800

Calls 0.3713 0.2045 0.7122 2.8937 0.0399 1.3294

Puts 0.4086 0.2112 0.5658 2.5154 0.0426 1.0079

Soybeans

Futures 9.3809 2.2717 0.3857 2.9851 5.3850 16.3100

Calls 0.7460 0.4416 1.1454 8.2739 0.0626 4.9169

Puts 0.8439 0.4482 0.4822 2.2665 0.0676 2.1216
Wheat

Futures 6.1723 1.6887 0.7672 3.0542 3.6600 12.5750

Calls 0.5388 0.3497 1.8796 9.7021 0.0507 3.3243

Puts 0.6657 0.4382 1.9916 9.4397 0.0593 4.0337

Tablell: Parameter Estimatesfor the Black M odel
This table reports the parameter estimates forBlaek model for corn, soybeans and wheat for the
years from 2006 to 2010. The standard deviatiam arenetheses and follows the mean.

Calls Corn 0.3177 (0.0959)
Soybean 0.2714 (0.1072)
Wheat 0.3268 (0.1043)
Puts Corn 0.2934 (0.1779)
Soybean 0.3257 (0.0776)
Wheat 0.3721 (0.0640)

Tablelll: Total Option Volume
This table reports the total option volume in 10@frsthe in-the-money (ITM), near-the-money (NTM),
and out-of-the-money (OTM) options for the yeamsir2006 to 2010.

CALLS PUTS
ITM NTM OTM ITM NTM OTM
Corn 3252 1213 13879 2740 978 9998
Soybeans 958 487 5515 435 443 3938
Wheat 523 222 2224 297 228 1606
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TableV: Parameter Estimatesfor Corn
This table reports means, standard deviations direrghesis) and 95% confidence intervals (in square
brackets) of parameter estimates in the stochastitility (SV) and stochastic volatility with jungp(SVJ)
models. Parameters are estimated by applying théVi®Gnethod to the years from 2006 to 2010

at-the-money corn data.

S A
Parameter Calls Puts Calls Puts
v 0.0310 0.6313 0.0388 0.8549
(0.0190) (0.2110) (0.0250) (0.2270)
[0.0305,0.0315] [0.6255,0.6372] [0.0381,0.0395] [0.8486,0.8611]
K 0.2980 2.1270 0.3917 3.2170
(0.2390) (1.2720) (0.2250) (1.1800)
[0.2914,0.3046] [2.0918,2.1623] [0.3855,0.3979] [3.1843,3.2498]
Pr2 0.0577 0.0010 -0.0047 0.0097
(0.5530) (0.5860) (0.2500) (0.5760)
[0.0424,0.0730] [-0.0152,0.0173] [-0.0117,0.0022] [-0.0062,0.0257]
Prs -0.0002 0.0035 -0.0007 0.0108
(0.0300) (0.0630) (0.0310) (0.1170)
[0.0011,0.0006] [0.0017,0.0052] [-0.0016,0.0002] [0.0075,0.0140]
T3 0.0301 1.0645 0.0311 1.3615
(0.0010) (0.1660) (0.0010) (0.2510)
[0.0301,0.0301] [1.0598,1.0691] [0.0311,0.0312] [1.3545,1.3684]
a 0.4863 0.5231 0.4946 0.5050
(0.2870) (0.2840) (0.2890) (0.2890)
[0.4784,0.4943] [0.5152,0.5310] [0.4866,0.5026] [0.4970,0.5131]
y 7.1537 7.5510 6.9250 7.5115
(4.3490) (4.3480) (4.4340) (4.3820)
[7.0332,7.2743] [7.4304,7.6715] [6.8020,7.0479] [7.3900,7.6329]
n 0.0105 0.2120 0.0081 0.3041
(0.0140) (0.2110) (0.0070) (0.2750)
[0.0101,0.0109] [0.2061,0.2179] [0.0079,0.0083] [0.2965,0.3117]
¢ 0.0771 0.0040 -0.0254 -0.0144
(0.2930) (0.2940) (0.2980) (0.2880)
[0.0690,0.0852] [-0.0042,0.0121] [-0.0337,-0.0172] [-0.0224,-0.0064]
Oc 0.0431 0.0596 0.0412 0.0591
(0.0010) (0.0020) (0.0010) (0.0270)
[0.0431,0.0432] [0.0595,0.0596] [0.0412,0.0412] [0.0584,0.0599]
Lc 0.8838 0.8155 0.7967 0.7656
(0.0210) (0.0530) (0.0140) (0.0430)
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P

Hy

[0.8832,0.8843]

0.0607
(0.0040)
[0.0606,0.0608]

0.9946
(0.0030)
[0.9945,0.9946]

[0.8140,0.8170]

0.1100
(0.0190)
[0.1095,0.1105]

0.9741
(0.0090)
[0.9739,0.9744]

[0.7963,0.7971]

0.2007
(0.0130)
[0.2004,0.2011]

0.9642
(0.0080)
[0.9640,0.9645]

-0.1579
(0.0760)

[-0.1600,-0.1558]

0.6925
(0.0540)
[0.6910,0.6940]
0.0519

(0.0070)
[0.0517,0.0521]

[0.7644,0.7668]

0.0953
(0.0300)
[0.0945,0.0961]

0.9916
(0.0060)
[0.9914,0.9917]

-0.0364
(0.1310)

[-0.0401,-0.0328]

0.5059
(0.2030)
[0.5003,0.5115]
0.0207

(0.0280)
[0.0199,0.0214]
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TableV: Parameter Estimatesfor Soybeans
This table reports means, standard deviations gnerghesis) and 95% confidence intervals (in square
brackets) of parameter estimates in the stochastatility (SV) and stochastic volatility with junsp
(SVJ) models. Parameters are estimated by applytieg MCMC method to the 2006 to 2010
at-the-money soybean data.

sV SvJ
Parameter Calls Puts Calls Puts
\ 0.2688 0.1869 0.2398 0.0358
(0.0080) (0.0480) (0.0150) (0.0468)
[0.2685,0.2690] [0.1856,0.1882] [0.2394,0.2403] [0.0345,0.0371]
K 1.9959 1.3744 1.8021 3.5420
(0.0570) (0.3370) (0.1010) (0.5938)
[1.9943,1.9974] [1.3651,1.3838] [1.7993,1.8049] [3.5255,3.5585]
P2 -0.0128 -0.0092 -0.0111 0.0139
(0.5770) (0.5600) (0.5460) (0.5961)
[-0.0287,0.0032] [-0.0247,0.0063] [-0.0262,0.0041] [-0.0026,0.0305]
Pis -0.0006 0.0001 -0.0012 -0.9983
(0.0290) (0.0300) (0.0310) (0.0017)
[-0.0014,0.0002] [-0.0008,0.0009] [-0.0021,-0.0003] [-0.9983,-0.9982]
O, 0.0295 0.0300 0.0293 0.1000
(0.0010) (0.0010) (0.0010) 0.0000
[0.0295,0.0295] [0.0299,0.0300] [0.0293,0.0294] [0.1000,0.1000]
a 0.5064 0.4927 0.5160 0.4988
(0.3000) (0.2890) (0.2890) (0.2935)
[0.4981,0.5147] [0.4847,0.5007] [0.5080,0.5240] [0.4906,0.5069]
14 7.3937 7.5040 7.7428 7.6367
(4.3290) (4.2970) (4.3380) (4.3452)
[7.2737,7.5137] [7.3848,7.6231] [7.6225,7.8630] [7.5163,7.7572]
i 0.0638 0.0093 0.0100 0.3717
(0.1140) (0.0110) (0.0090) (0.2467)
[0.0607,0.0670] [0.0091,0.0096] [0.0097,0.0103] [0.3649,0.3785]
¢ 0.0252 0.0030 -0.0180 -0.0143
(0.2980) (0.2840) (0.2920) (0.2848)
[0.0170,0.0335] [-0.0049,0.0109] [-0.0261,-0.0099] [-0.0222,-0.0064]
Oc 0.0617 0.1687 0.0629 0.1352
(0.0030) (0.0040) (0.0030) (0.3335)
[0.0616,0.0617] [0.1686,0.1689] [0.0628,0.0630] [0.1259,0.1444]
Pc 0.9659 0.7042 0.9679 0.8206
(0.0080) (0.0350) (0.0080) (0.0589)
[0.9657,0.9661] [0.7033,0.7052] [0.9677,0.9681] [0.8190,0.8222]
O¢ 0.1085 0.1102 0.2206 0.1113
(0.0100) (0.0060) (0.0240) (0.0133)
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[0.1082,0.1087]

Pr 0.9960
(0.0020)
[0.9960,0.9961]
Hy
O-X
A

[0.1101,0.1104]

0.9960
(0.0020)
[0.9959,0.9960]

[0.2199,0.2212]

0.9872
(0.0050)
[0.9870,0.9873]

-0.2863
(0.0690)
[-0.2882,-0.2844]

0.5731
(0.0640)
[0.5713,0.5749]
0.0639
(0.0070)
[0.0637,0.0641]

[0.1110,0.1117]

0.9955
(0.0027)
[0.9955,0.9956]

0.2961
(0.0726)
[0.2941,0.2981]

1.2733
(0.0585)
[1.2717,1.2749]
0.3891
(0.0409)
[0.3879,0.3902]
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TableVI: Parameter Estimatesfor Wheat

This table reports means, standard deviationsafianthesis) and 95% confidence intervals (in square
brackets) of parameter estimates in the stochesiidtility (SV) and stochastic volatility with junsp
(SVJ) models. Parameters are estimated by applyenylCMC method to the 2006 to 2010
at-the-money wheat data.

sV SVJ
Parameter Calls Puts Calls Puts
\ 0.3800 0.1322 0.1894 2.0988
(0.1440) (0.0820) (0.0530) (0.5990)
[0.3760,0.3840] [0.1299,0.1345] [0.1879,0.1908] [2.0822,2.1154]
K 1.7260 0.6986 0.9524 64.8063
(0.9620) (0.4390) (0.4230) (19.1630)
[1.6993,1.7527] [0.6864,0.7108] [0.9407,0.9641] [64.2751,65.3376]
Pz 0.0222 -0.0227 -0.0043 (0.0139)
(0.5760) (0.5660) (0.5680) (0.5760)
[0.0062,0.0382] [-0.0384,-0.0070] [-0.0200,0.0115] [-0.0299,0.0021]
Pz -0.0039 -0.0003 0.0077 -0.9970
(0.0460) (0.0300) (0.0460) (0.0090)
[-0.0051,-0.0026] [-0.0011,0.0005] [0.0064,0.0090] [-0.9973,-0.9968]
O3 0.9961 0.0299 1.3582 0.1000
(0.0920) (0.0010) (0.0980) 0.0000
[0.9935,0.9987] [0.0299,0.0299] [1.3554,1.3609] [0.1000,0.1000]
a 0.5011 0.5129 0.4965 0.4978
(0.2920) (0.2880) (0.2850) (0.2910)
[0.4930,0.5092] [0.5049,0.5209] [0.4886,0.5044] [0.4897,0.5058]
4 7.5949 7.4854 7.4277 7.9799
(4.2430) (4.3670) (4.3020) (4.1650)
[7.4773,7.7126] [7.3643,7.6065] [7.3084,7.5469] [7.8644,8.0953]
7 0.1277 0.0101 0.2365 0.4979
(0.1860) (0.0240) (0.2450) (0.3030)
[0.1225,0.1328] [0.0094,0.0108] [0.2297,0.2433] [0.4895,0.5063]
¢ 0.0124 0.0120 0.0165 0.0801
(0.2880) (0.2850) (0.2970) (0.2930)
[0.0044,0.0204] [0.0041,0.0199] [0.0083,0.0248] [0.0719,0.0882]
Oc 0.0934 0.3388 0.0836 0.3111
(0.0060) (0.0070) (0.0850) (0.0070)
[0.0932,0.0936] [0.3386,0.3390] [0.0812,0.0860] [0.3109,0.3113]
Lc 0.4542 0.2964 0.2430 0.3161
(0.1300) (0.0480) (0.1200) (0.0450)
[0.4506,0.4578] [0.2951,0.2978] [0.2397,0.2463] [0.3149,0.3174]

30



Pr

Hy

0.1128
(0.0770)
[0.1107,0.1150]

0.9815
(0.0380)
[0.9804,0.9825]

0.1494
(0.0170)
[0.1489,0.1499]
0.9895
(0.0050)
[0.9893,0.9896]

0.3336 0.3249
(0.0180) (0.0540)
[0.3331,0.3340]  [0.3234,0.3264]
0.9140 0.9113
(0.0190) (0.0530)
[0.9134,0.9145]  [0.9098,0.9127]
-0.2768 -0.1218
(0.0890) (0.0410)
[-0.2793,-0.2743]  [-0.1230,-0.1207]
0.9609 1.7434
(0.0760) (0.0060)
[0.9588,0.9630]  [1.7432,1.7436]
0.0643 0.4597
(0.0080) (0.0190)
[0.0641,0.0645]  [0.4592,0.4602]
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Table VII: BayesFactors
This table reports the calculated Bayes factoredon, soybeans and wheat for the years 2006 t0.201
The Bayes factors are the odds ratios of the SY$Vamodels. A higher Bayes factor favors the SVJ
model.

Corn Soybeans Wheat
Calls 4.3588 10.9091 0
Puts 00 00 0o

Table VIII: Deviance Information Criterion (DIC)
This table presents the DIC for corn, soybeanswineat for the years from 2006 to 2010. The DIC
values are reported for the SV and SVJ models.

Corn Soybeans Wheat
sV SvVJ S\ SvVJ Siv SVJ
Calls 1839 1842 2738 2431 232 288
Puts 2172 1464 2548 2090 2147 999

TablelX: Madified Diebold-Mariano (MDM) Test
This table presents the results of the MDM tese st is the difference in pricing errors betwdenSV
and SVJ models. The negative values indicate HeaSJ model produces smaller errors than does the
SV model.

Corn Soybeans Wheat
Dollar Percentage Dollar Percentage Dollar Percentage
Calls -25.8579 -21.1318 -0.3460 -10.7981 -21.1420 -18.0441
Puts -13.7040 -8.2437 -10.8351 -6.6331 -1.8293 -4.2181
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Table X: In-Sample Dollar and Per centage Option Pricing Errors
This table presents the in-sample pricing errorscton, soybeans and wheat options. At-the-money
options from 2006 to 2010 are used for estimati@ollar errors” are defined as the absolute
difference between the theoretical model and engllyi observed option prices. The “percentage”
errors are defined as the Dollar errors dividedh®y observed options price. The first row for each
product is in absolute terms whereas the secondsauith (positive/negative) signs.

SV SVJ
Dollar Per centage Dollar Per centage

Corn
Calls 0.0253 0.07 0.0116 0.0362
-0.0185 -0.0402 -0.0105 -0.0383
Puts 0.0812 0.2253 0.0626 0.1988
-0.0671 -0.2236 -0.0472 -0.2417

Soybeans

Calls 0.1029 0.1702 0.1031 0.1754
-0.08 -0.1484 -0.0864 -0.1574
Puts 0.2152 0.257 0.1465 0.2092
-0.2029 -0.1996 -0.1424 -0.2124

Wheat
Calls 0.0544 0.1363 0.0307 0.0769
-0.088 -0.2014 -0.0738 -0.1509
Puts 0.1713 0.2504 0.1677 0.2331
-0.3097 -0.2307 -0.2817 -0.2181
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Table XI: Out-of-Sample Dollar Errors
This table presents out-of-sample dollar errors dom, soybeans and wheat put options
based on time to maturity and moneyness. “Out-ofgd@”’ observations are those options
contracts which are not at-the-money during thepdameriod of 2006-2010. “#” denotes the
number of options. “Dollar errors”, abbreviated ‘@ol”, are defined as the absolute

difference between the theoretical model and ergllyi observed option prices.

M oneyness
Product PUT CALL
Maturity <0.90 0.90-1.0 10-11 >1.1
<1lm Corn # 748 590 550 789
SV Dol 1.02 2.51E-01 3.13E-02 1.10E-02
SVJ Dol 1.02 2.41E-01 3.12E-02 8.92E-03
Soybean # 551 672 610 840
SV Dol 1.78 4.97E-01 6.34E-02 1.71E-02
SVJ Do 1.73 4.15E-01 6.38E-02 1.54E-02
Wheat # 403 498 512 764
SV Dol 1.06 3.68E-01 3.45E-01 1.37E-01
SVJ Dol 1.04 3.67E-01 3.49E-01 1.39E-01
1-2m Corn # 1203 677 662 1764
SV Dol 1.08 2.36E-01 5.47E-02 2.09E-02
SVJ Dol 1.08 2.27E-01 5.48E-02 1.70E-02
Soybean # 734 713 650 1348
SV Dol 2.01 4.70E-01 5.93E-02 2.49E-02
SVJ Dol 1.91 4.00E-01 6.16E-02 2.08E-02
Wheat # 825 574 585 1259
SV Dol 1.17 5.85E-01 3.31E-01 1.64E-01
SVJ Dol 1.19 5.86E-01 3.35E-01 1.69E-01
2-3m Corn # 982 412 431 1841
SV Dol 1.08 2.44E-01 3.58E-02 2.13E-02
SVJ Dol 1.07 2.25E-01 3.59E-02 1.38E-02
Soybean # 791 464 464 1416
SV Dol 2.23 5.02E-01 8.22E-02 4.27E-02
SVJ Dol 2.08 4.01E-01 8.39E-02 3.56E-02
Wheat # 825 488 482 1212
SV Dol 1.23 6.42E-01 3.42E-01 1.52E-01
SVJ Dol 1.23 6.28E-01 3.29E-01 1.45E-01
3-6m Corn # 3023 1321 1350 6196
SV Dol 1.24 2.80E-01 5.13E-02 3.36E-02
SVJ Dol 1.21 2.49E-01 5.06E-02 2.34E-02
Soybean # 2979 1207 1235 3768
SV Dol 2.73 6.21E-01 9.79E-02 6.81E-02
SVJ Dol 2.48 3.95E-01 9.82E-02 5.81E-02
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Wheat # 2035 1052 1203 3406
SV Dol 1.12 3.39E-01 3.04E-01 1.52E-02
SVJ Dol 1.1 3.47E-01 2.94E-01 1.44E-02
>6 m Corm # 6037 2340 2397 9565
SV Dol 1.02 2.07E-01 4.60E-02 4.98E-02
SVJ Dol 9.90E-01 1.71E-01 3.94E-02 3.46E-02
Soybean # 4243 1751 1614 5509
SV Dol 2.24 5.49E-01 1.60E-01 8.84E-02
SVJ Dol 1.96 3.65E-01 1.69E-01 8.73E-02
Wheat # 1210 521 585 2335
SV Dol 1.58 2.32E-01 2.60E-01 1.82E-01
SVJ Dol 1.47 2.18E-01 2.46E-01 1.95E-01
All Corn# 11993 5342 5390 20155
SV Dol 1.09 2.44E-01 4.38E-02 2.73E-02
SVJ Dol 1.07 2.23E-01 4.24E-02 1.95E-02
Soybean # 9298 4807 4573 12881
SV Dol 2.2 5.28E-01 9.26E-02 4.82E-02
SVJ Dol 2.03 3.95E-01 9.54E-02 4.34E-02
Wheat # 5298 3133 3367 8976
SV Dol 1.23 4.33E-01 3.16E-01 1.57E-01
SVJ Dol 1.21 4.29E-01 3.11E-01 1.58E-01
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Table XII: In-Sample Hedging Performance
This table presents the in-sample hedging perfocean the SV and SVJ models for corn, soybeans and
wheat options. The at-the-money options and futdega for the years from 2006 to 2010 are employed
for parameter estimation and in-sample analysituééin parantheses are standard deviations.

Corn
Soybeans Wheat
Y SVJ sV SYA sV YA
Calls 2.233 2.221 5.012 5.001 3.426 3.4934
(0.63) (0.63) (1.35) (1.35) (1.06) (1.08)
Puts -1.4417 -1.4242 -3.3816 -2.865 -1.9487 -1.7466
(0.43) (0.43) (0.93) (0.91) (0.80) (0.93)
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Corn Calls Dollar Errors - Jan06 to Dec10

Corn Calls Percent Errors - Jan06 to Dec10
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Figure 1: In-Sample SV and SVJ CallsErrors

These graphs show the values of the in-samplengrigirors for both the SV and SVJ models for
corn, soybeans and wheat call options during tiepta period of 2006-2010. “Dollar errors”
are the absolute difference between the theoretindl empirically observed options prices.
“Percent errors” are the dollar errors divided by bbserved options prices.

37



Corn Puts DoIIar Errors - Jan06 to Dec10 Corn Puts Percent Errors - Jan06 to Dec10
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Figure2: In-Sample SV and SVJ PutsErrors

These graphs show the in-sample pricing errorgHferSV and SVJ models for corn, soybeans
and wheat put options during the sample period0®622010. “Dollar errors” are the absolute
difference between the theoretical and empiricabgerved options prices. “Percent errors” are
the dollar errors divided by the observed optionses.
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